We show that an anomaly-free description of matter in (1+1) dimensions requires a correction of the 2d relativity principle, which is connected to a noncommutativity of 2d Minkowski space that introduces a 2d Planck length. Then, in order to dynamically describe this noncommutative structure of the tangent space, we propose to extend the usual 2d generalized dilaton gravity models by a non-standard Maxwell component, which acts as a non-perturbative quantum correction affecting the topology of space-time. In addition, we prove that the extended dilaton theories can be formulated as Poisson-Sigma models based on a nonlinear deformation of the extended Poincaré algebra.
Introduction
Since the discovery of the accelerated and flat universe, dilaton theories became more likely to describe the effective theory of gravity in four dimensions than the Einstein-Hilbert one. On the other hand, superstring theory is still afflicted with several theoretical problems and it is too complicated to work with. Nowadays, 2d dilaton gravity theories are widely regarded as invaluable tools for researching several aspects of quantum gravity. Indeed, they provide a unitary quantum theory of gravity in a background independent formulation [1, 2, 3] , with a lot of application in black hole physics [4, 5, 6] .
In this paper, we argue that a consistent description of the elementary relativistic systems in (1+1) dimensions requires a correction of the 2d relativity principle, which is connected to a noncommutativity of 2d Minkowski space that introduces a two-dimensional Planck length. In order to probe this noncommutative space-time in the absence of gravity, we work out the reduced phase-space of an anomaly-free relativistic particle, which is analogous to the configuration-space of an electron in an external constant magnetic field, constrained to the lowest Landau level.
Therefore, we propose a specific class of non-standard dilaton-Maxwell theories, which extends the usual 2d generalized dilaton gravity models, so that this noncommutative structure of the tangent space can be properly described. The additional U(1) gauge sector turns out to be a non-perturbative quantum correction associated with the noncommutativity, which provides a dynamical cosmological constant that can affect the topology of space-time. Finally, we prove that this new class of models can also be formulated as a family of nonlinear gauge theories [7] based on a deformation of the extended Poincaré algebra. This paper is organized as follows. In Sec. 2, we will briefly review the quantum anomaly-free 2d relativistic particle, which will be employed in Sec. 3 to formulate a correction of the 2d relativity principle, and to probe the noncommutative structure of 2d Minkowski space as well. In Sec. 4, we will introduce the extended 2d generalized dilaton gravity theories and show that they can be formulated as Poisson-Sigma models. In Tab. 1 we will provide an updated list of the main extended models. Finally, in Sec. 5 we will discuss our results, besides pointing out other future developments.
2 The anomaly-free 2d relativistic particle Specifically in 1+1 dimensions, a relativistic particle in the absence of Yang-Mills potentials and space-time curvature is still under a certain interaction. In Ref. [8] , we have already proven that this situation is associated with an anomaly, which is generated by a non-trivial two cocycle in the second cohomology group of the two-dimensional Poincaré group P. In the next section, it will be shown that an anomaly-free description of elementary systems like this requires a correction of the 2d relativity principle, according to which the physical laws should be covariant under the centrally extended Poincaré groupP.
The extended Poincaré algebraī 1 2 is given by
where the ǫ-tensor is such that ǫ ab is dimensionless, ǫ 01 = −ǫ 01 = 1, and the indices (a, b) are raised and lowered by the metric h ab = diag(1, −1), with h := det h ab = −1. Throughout this paper we will stick to the same conventions of Ref. [8] , in order to be consistent with the group theoretic framework developed therein. It is important to emphasize that we do not regardī 1 2 as an abstract algebra, but rather realized as a dynamical symmetry of the 2d relativistic elementary systems. In particular, this implies that the generators ofī Since the metric h ab is defined by the translations sector of the invariant Casimir operator
Note that we will often employ the factor √ −h = 1 (which carries one unit of dimension L −2 ), in order to get the correct dimensions in several equations. The group law g
For the Jackiw-Teitelboim model and the conformally transformed string inspired dilaton gravity [9, 10, 11] , the dimension specific interaction has already received a gauge theoretic formulation. However, in Ref. [8] we have provided a contrasting gravitational interpretation, according to which it is caused by a Wess-Zumino (WZ) potential associated with the aforementioned anomaly. In Sec. 4, it will become clear that the WZ potential is connected to the topology of space-time (cf. the comment following Eq. (8)). We are showing below that the anomaly cancellation, for matter in the absence of gravity, induces a noncommutative structure on 2d Minkowski space.
The anomaly-free 2d relativistic particle corresponds to a non-vanishing central charge and it can be described in Hamiltonian form by
where χ is an internal gauge degree of freedom with dimension of action and transforming as χ
, which is introduced to neutralize the WZ term, so that the action is rendered invariant underP. This addition produces another primary first class constraint
(note the minimal coupling to the WZ potential), where π is canonically conjugate to χ. As a result, the reduced phase-space becomes parametrized only by the position coordinates q a , independently of any gauge fixation [8] .
Therefore, in order to reach the reduced phase-space, we fix the scale of τ by imposing the unusual canonical gauge condition
0 is the kinematical momentum. This is a sensible choice, inasmuch as the particle is accelerated by a constant physical force equal to B. In this formulation, the usual condition q 0 = τ appears (assuming q 0 (τ 0 ) = τ 0 ) as a Hamilton equation, together with q
On the other hand, the gauge degree of freedom χ can be naturally interpreted as the phase of the particle's wave function, by imposing the canonical gauge condition
is the action function of the anomalous sector of the theory, which can be expressed in terms of the variable E = Bq 1 by
with proper time interval (3) is a solution for the relativistic Hamilton-Jacobi equation associated with the Hamiltonian H(q 0 , q
Note that, in this gauge, the Hamiltonian does not coincide with the total energy, which is given by E T = E(τ ) + E pot , where E pot = −E/2 is the potential energy.
The quantum description of the system [8] can be given in terms of the base kets {|E }. If the initial state is |α =
Noncommutative 2d Minkowski space
The Hamiltonian analysis of the anomaly-free relativistic particle, sketched in the previous section, brings out the unusual situation in which the reduced phase-space is spanned by the position coordinates q a alone. Exploiting this isomorphism, we discover that the quantum particle lives in a noncommutative 2d Minkowski space. Indeed, calculating the fundamental Dirac brackets associated with the constraints (φ m , C m ) and applying Dirac's quantum condition, we can see that the operators corresponding to the components of the position two vector do not commute with each other:
This implies a new kind of uncertainty relation,
-with the dispersions of the coordinates given by (∆ q a ) 2 = ( q a ) 2 − q a 2 -, which precludes a simultaneous localization of the particle in time and space. In order to probe this quantum space-time, we can examine the evolution of a Gaussian wave packet with initial state specified by c E (
The first remarkable fact that we learn, using Eq. (4), is that the width of the wave packet does not increase with time, since the dispersions (∆ q 1 )
Not less surprising is the existence of a minimum temporal dispersion Gaussian wave packet, with (∆ q 0 ) 2 (τ ) = /|B| and (∆ q 1 ) 2 (τ ) = /(2|B|). Although this is not an exact coherent state, since its uncertainty product satisfies only approximately the condition
, it is the Gaussian wave packet that more closely resembles a classical particle or a space-time point. Consequently, we can define a 2d Planck length in terms of the shortest observable time interval:
It is worth mentioning that this noncommutative space-time does not present any discrete structure in the absence of curvature, since the position coordinates q a have been quantized by unbounded operators with continuous spectra [8] . Moreover, although the time coordinate q 0 is involved in the commutation relations of Eq. (5), the particle theory defined by Eq. (2) is perfectly unitary in the sense of Ref. [12] , due to Eq. (4). Nevertheless, causality violations are expected at Planck scale, since the quantum description of the system employs a time operator.
Concerning Poincaré invariance, we point out that although canonical noncommutativity relations like Eq. (5) usually indicate Lorentz symmetry breaking, the Poincaré transformation rules between inertial observers are rather deformed in the sector of translations (cf. Eq. (1)). Note that the generators {P a , I} span an ideal ofī 1 2 , which is isomorphic to the Weyl-Heisenberg algebra. In fact, the dispersion relation E T = −p 0 is obviously extended Poincaré invariant and tends to E T = m 2 +p(τ 0 ) 2 in the limit when the deformation parameter B goes to zero, so that there is no preferred observer.
On the one hand, it is important to realize that this deformation is a non-perturbative quantum effect rather than a high-energy one, inasmuch as it affects all energy scales. Note that we may invert Eq. (6) so that the central charge is redefined in terms of the Planck constant, which becomes the deformation parameter for a nonvanishing l P . On the other hand, the fact that the laws relating extended Poincaré frames involve the observer-independent length scale l P is familiar from doublyspecial relativity theories [13] , thus providing a correction for the relativity princi-ple in (1+1) dimensions.
Extended dilaton gravity theories
The corrected relativity principle formulated above expresses the fact that the relevant dynamical group in two dimensions is the extended Poincaré groupP. Hence, the 2d generalized dilaton gravity theories should be non-perturbatively extended by an additional U(1) gauge sector, which would determine the noncommutative structure of the tangent space as well as providing a fundamental gravitational interpretation for the central charge.
To accomplish such an extension, we propose the following action, which can be written in first order employing Cartan variables:
where M is the space-time manifold, G is the 2d gravitational constant of dimen-
/2 is the volume two form, and De
The zweibeine e a and the dilaton η 2 are dimensionless, the spin connection ω has dimension [ω] = L −1 , and the Lagrange multipliers η a (related to the torsion of space-time) have dimension [η a ] = L −1 . Note that our conventions are such that e = dete a µ = − √ −g, so that the usual textbook definitions for the Hodge- * operation and the Ricci-scalar imply * ǫ = 1 and R = −2 * dω. In addition, the torsionless part of the spin connection is given byω = −e a * de a and R > 0 for dS 2 .
The extension introduces the real WZ potential a of dimension [a] = L −1 × [ ], which is responsible for the dimension specific interaction described previously, and a fourth dimensionless Lagrange multiplier η 3 that describes a dynamical U(1) charge. Provided there are no matter couplings to a, the field equation resulting from its variation implies the conservation of η 3 . It is also introduced a non-vanishing free parameter
which is analogous to a constant applied electric force and shall be interpreted as a new fundamental physical constant that determines a 2d Planck length l P , according to Eq. (6).
The dynamical content of the theory is determined by the Lorentz invariant functions W (η 2 ) and ν(η a η a , η 2 ). The former is a non-vanishing function of the dilaton that allows a non-minimal coupling between the U(1) gauge sector and the geometric one -such that the minimal coupling corresponds to a constant W (η 2 ) -and the latter has the form ν(η
. They allow the integration of two Casimir functions (constants of motion), which parametrize all the solutions for some specific model. The first one has the meaning of space-time energy and is given by
The other is C 2 = η 3 , which has already been interpreted above.
We emphasize that the extended generalized theories (EFOG's) are not trivially equivalent to the ordinary dilaton gravity models, since the U(1) gauge sector does not decouple completely. In fact, it is straightforward to show that, in the absence of matter, the field equations derived from Eq. (7) encompass those of the unextended theories withν (η a η a , η 2 ; η
3 ), together with the topological equation
where η 0 3 denotes the on-shell value of the U(1) charge.
Concerning the field equations derived from Eq. (7), it is important to note that in general the WZ potential a will not be redundantly expressed in terms of the geometric variables (e a , ω) [9] , but its dual field strength * da = −B/W (η 2 ) -which physically defines a dynamical cosmological constant -will be determined by the dilaton. Moreover, although Eq. (8) can always be integrated locally, it will generally require an atlas containing more than one chart for the space-time manifold M, due to the singularities of the a field [10] .
Indeed, if M is topologically trivial it can be contracted to a bounded manifold, so that the dilaton is kept everywhere non-singular and the integral over M of the second term on the left side of Eq. (8) is made a well-defined finite non-vanishing quantity. However, assuming further that the WZ potential is a pure gauge on the boundary, we come to a contradiction if a is non-singular, since then the first term on the left side of Eq. (8) integrates to zero.
It is known that the usual dilaton models admit straightforward topological generalizations in terms of non-standard 2d dilaton-Maxwell theories. To the best of our knowledge, the first theories of this kind to be explored were the conformally transformed string inspired model [9, 10, 11] and the extended de Sitter gravity [9] . More recently, similar extensions have successfully been applied to more complex systems like the exact string black hole [14] and the Kaluza-Klein reduced Chern-Simons gravity, featuring kink solutions [15] (cf. models 3, 10, 18, and 19 in Tab. 1).
As for the EFOG's, they are a particular family of non-standard dilaton-Maxwell models that include the aforementioned cases, besides providing systems that have never been addressed in the literature so far. In Tab. 1, we work out the extensions of all dilaton models featuring in the up-to-date table of Ref. [17] . The fifth column shows the identifications that must be performed in order to relate the extended theories to their unextended counterparts, for the reference case in which η 0 3 = 1. Note that the arbitrary integration constant η 0 3 merely rescales the free parameter BG, which acquires a proper physical interpretation in each model.
Extended Model
10. de Sitter Gravity 0 Table 1 Up-to-date list of extended models -The parameters (b, λ, E) define scale factors, (µ, λ 0 ) are cosmological constants, (c, Λ) denote constant curvature values, and φ 1 is the initial "constant dilaton vacuum" point. Finally, (α, β, A, B, M ) are coupling constants.
It can be seen that BG is typically identified with a global scale factor, which plays a fundamental role in this context. For instance, in model 1 for D = 4 we have the relation G = EG N , where G N is the 4d Newton constant. But since E = BG, we deduce somewhat surprisingly that B = G −1
N . The substitution of the last equation in Eq. (6) provides an interesting consistency check, since then the 2d Planck length l P is found to coincide with the four-dimensional one (in units with c = 1).
A particularly interesting new class of models represents an extension of the abfamily [16] , presenting black hole solutions (cf. model 8 in Tab. 1). Concerning model 18, it is important to remark that the role of the auxiliary BF-term that was employed in the original formulation of the exact string black hole is here played by the Maxwell component. In this case, the on-shell value of the U(1) charge η 0 3 is identified with the value of the dilaton at the origin.
The theories described by Eq. (7) are particular expressions of the more general Poisson-Sigma models [16] , which are nonlinear generalizations of the BF theories that have recently found application in superstring theory. In fact, performing the identifications X I ≡ (η a , η 2 , Gη 3 ) and A I ≡ (e a , ω, a) (with I ∈ {1, 2, 3, 4}), we can see that Eq. (7) can be written as
in which P IJ (X) = {X I , X J } is the Poisson tensor associated -by the correspondence X I ↔ (P a , J, I) -to the nonlinear deformation of the extended Poincaré algebra given by
, and (10)
is the potential that determines a model in Eq. (7).
The generalized Jacobi identity P IJ ,K P KL + cycl(I, J, L) = 0 (where the subscript ", K" stands for the partial derivative ∂/∂X K ) can be straightforwardly checked for Eq. (10). Moreover, for most physically interesting models P IJ (X) will be a polynomial, so that the nonlinear algebra of Eq. (10) will be a finite W-algebra. Nevertheless, for each case it should be tested whether Eq. (10) has the structure of a reduced Kirillov-Poisson algebra [18] . Note that, for W (η 2 ) = 1 and in the limit when ν→ 0, the algebra of Eq. (10) tends toī 1 2 (cf. Eq. (1)) just as Eq. (9) becomes the BF theory describing the zero curvature limit of the extended de Sitter gravity [9, 11] (cf. models 3 and 10 in Tab. 1).
Concluding remarks
We have seen that an anomaly-free description of the two-dimensional elementary systems introduces a noncommutative structure on the 2d Minkowski space. It is important to emphasize that this noncommutativity comes out as a non-perturbative result in our formulation, rather than being assumed a priori. Furthermore, although we have only considered point particles in order to establish our argument, the same feature is also expected to show up in the case of matter fields, inasmuch as it stems from a general property of the dynamical symmetries: the connection between the quasi-invariance of a Lagrangian and the second cohomology group of its dynamical group.
Our analysis indicates the possibility of formulating generic noncommutative 2d dilaton gravity theories, with usual non-twisted nonlinear gauge symmetries, in the standard commutative framework of the extended models presented in this paper. Although we are still researching this issue, it is remarkable that we succesfully evade some no-go results [19] , concerning the impossibility of constructing nontrivial deformations of 2d dilaton gravity in general. Indeed, here we circumvent all of their assumptions, since we do not consider κ-deformations of the Poincaré algebra, in the sense of Magueijo and Smolin, neither we introduce any ad hoc star product.
On the other hand, it is noteworthy that an extra U(1) gauge sector was also required in order to consistently define the noncommutative versions of both the JackiwTeitelboim and the conformally transformed string gravity models (see [19] and the references therein). In this regard, we are particularly concerned about the topological aspects of the aforementioned formulation of general noncommutative 2d dilaton gravity theories, in view of the fact that the U(1) gauge field a, which was introduced in our extended models, acts as a WZ potential capable of affecting the topology of space-time (cf. Eq. (8)).
Anyway, such a formulation is an interesting possibility, inasmuch as a Planck length is an unusual feature in two dimensions, which introduces a natural ultraviolet cut-off that may lead to space and/or time discretization under certain conditions still to be researched. Finally, we would like to add that the coupling of matter fields to the extended generalized dilaton gravity theories as well as the global structure of the solutions to the field equations of the latter are among other issues that will be addressed in a work in progress, which will be published soon elsewhere.
